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Abstract

In this paper, we study the existence of global solution for a time delayed p-Laplace equation.
By means of fixed point approach, we showed the existence and uniqueness of global weak solution.

Keywords: p-Laplace; time delay; schaefer’s fized point method.

1 Introduction

In this paper, we consider the existence of solutions for a time delayed equation of the following
p-Laplace equation with time delay

% = Apu = alul™ ru A bluc | s, (2,8) €Q, (1.1)

with initial and boundary value conditions
u(z,t) =0, (z,t) € 9Q x (0, 00), (1.2)
u(z,t) = n(x,t), (z,t) € Q—r, (1.3)
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where the p-Laplace operator is defined as Apu = div(|Vu[P™2Vu) with p > 1; Q = Q x
Q_» =Qx[-7,0, 2 Cc RY is a bounded and smooth enough domain; 0 < g1 < 1, 0 < go
u-(x,t) = u(x,t — 1), a, b and 7 > 0 are constants; and no(z) € L*(Q) N WHP(Q), n(z,t) €
W, (Q-r), and V1 € LP(Q—,).

As an important class of partial differential equations, the time delayed diffusion equations come
from a variety of physical phenomena appeared widely in nature, which have been treated by many
investigators for years, and various methods have been proposed to study different properties of the
problem, such as the existence and uniqueness of solutions [1, 2, 3], traveling wave solutions[4, 5],
asymptotic behavior[6, 7], etc. Most of these discussions in the literature are devoted to linear and
semilinear parabolic equations, with the time delays occur in the reaction functions, but for the
quasilinear parabolic equation with time delay, as far as we know, there are very limited works
have been done [4, 5, 8]. In this paper, we shall study the existence of solutions for the initial and
boundary value problem of a degenerate diffusion equation as (1.1) with the time delay occur on
the nonlinear source term.

We aimed to study the existence of global solutions for the above problem, and we give the main
result as follows

Theorem 1.1. Assume that qi,q2 € [0,1], then for any constants a,b, the initial and boundary
value problem (1.1)-(1.8) admits a unique global solution u € E. Furthermore, if a =0, b # 0, then
for any q2 > 0, the solution will exists globally for any initial data.

2 Preliminary

Before going further, we first give the definition of weak solutions

Definition 2.1. A function u € E is called weak solution of the initial and boundary value problem
(1.1)-(1.3), if and only if the following equalities hold

/ %gpdzdt + // |VulP ~?VuVedadt
Qr ot Qr
= // (alu]™ ™ u + blur |2 uy ) o, t)dadt, Ve C®Qr), (21)
Qr

and
lim [ wu(z,t)h(z)dz = / n(x,0)h(z)dz, forV h e C5°(Q), (2.2)
t—=0t Jo Q
u(z,t) = n(x,t), for (z,t) € Q x [—7,0]. (2.3)
Here, E = {u € L*(Qr); % € L*(Qr),u € Wy P(Qr)}.

In the following section, we are going to prove the existence of generalized solutions by using the
Schaefer’s Fixed Point Theorem. For reader’s convenience, we give this theorem, it is stated as
follows [9]

Theorem 2.1. ( Schaefer’s Fixed Point Theorem) X denote a real Banach space, Suppose
A X =X
s a continuous and compact mapping. Assume further that the set
{u € X;u= AAlu] for some 0 <X <1}
18 bounded. Then A has a fized point.
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3 The Existence of Generalized Solutions
First of all, we need to construct a completely continuous mapping, set
®(v) = alv|™ v+ blo |2 o,
For any T > 0, clearly, if v € L? (QT), then ®(v) € L?(Qr). Denote
X = {u;u € L*(Qr),and u|aa(z,t) = 0, for t > 0},
where Qr = Q x (=7, T), Qr = Q x (0,T). It’s not difficult to verify that X is a Banach space.

Define a mapping

where, u is a generalized solution of the following system

g—t — div(|Vul|P*Vu) = &(v), (z,t) € Qr,
u(z,t) =0, (z,t) € 092 x (0,T),
u(x’t) = n(m’t)y (:E,t) €Q-_-.

It is not difficult to see that for any v € X, ®(v) € L*(Qr), then the above problem admits a
unique generalized solution u € E by the standard theory of p-Laplace equations.
Lemma 3.1. The mapping F(D(-)) is continuous.

Proof. Assume {vx} C X, v € X and vx — v in the sense of || - || 2(g,). In addition, suppose
ur = F(®(vg)), u = F(P(v)), and let wy = ux —u € E. Obviously, we have wr = 0, when ¢ < 0.
Then we have

/ 8wk<pdmdt+// (IVur P2 Vux — |VulP~2Vu) Vdzdt
ar Ot Qr

= //Q (®(vk) — @(v)) pdxdt, YV ¢ € é’m(QT), (3.1)

by the density of C>° (Qr) in E, for any given ¢t > 0, we may choose ¢ = wx - X[0,(5), where, X[o,4
is the characteristic function on [0, t], then we obtain

/ 6wkd ds + // (|Vur|P*Vug, — |[Vul’">Vu)Vwrdzds
Qt Qt

= //Qt (®(v) — ®(v)) wrdxds
< 2 //Qt (vk) dacds—i— /:/Qt widzds, (3.2)

by further computation, we obtain

%/ wi(x, t)dx +/ (|Vur|P~*Vuy, — |Vu|’*Vu)Vwrdzds
Q Qt

< %//@(@(vk) —<I>(v))2dxdt+%//Qt widedt,
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according to the monotone property of |Vu|P~2Vu, and combining with Gronwall’s inequality, yield
/ Wiz, t)dz < // (@(vx) — B(v))2dadt - (3.3)
Q Qt
which means
// wi (z, t)dadt < // (®(vy) — ®(v))’dxdt - (e7 —1). (3.4)
Qr Qr

Noticing

//QT(cb(vk) — ®(v))*dzdt

<2d° // (|ok] ™~ o, — o] tw)? dedt + 20 // (Jorr |2 or — |0r|2 7 0, ) 2 dadt
Qr Qr

5\ 11
<2 ([ (i toc= im0 ) Qe
Qr
5 q2
+ 21)2 (// (|Uk7-‘q2_1’uk7— — |U7—|q2_11}7.)<12 dmdt) ‘QT|1_q2.
Qr

ere T | represents € L.ebesgue measure o T. ecause v — v in T ererore we nave
Here, |Qr| rep ts the Lebesg fQr. B L*(Qr), theref h
[ve]| ™ o — |20 in LQ/‘“(QT);

and
[okr |2 okr = 0r|2 20, in L92(Qr).

combining with the inequality above, we deduce
®(ve) = ®(v),  in L*(Qr).

In view of (3.4), and combining with wy, = 0, when ¢ < 0, we infer wy, — 0 in the sense of L*(Qr),
namely uy, — v in L*(Qr), which implies that F(®(-)) is a continuous mapping. o

Lemma 3.2. The mapping F(®(-)) is compact.
Proof. Assume {vx} C X, and there exists a constant M > 0, such that

vl 2@y < M.

Then
H‘I)(Uk)HQL?(QT) < 2d° // ok |*" dxdt + 2b° // |vgr 292 dadt
Qr Qr

q1 q2
< 24? (// y,%dxdt) 1Qr|' ™ +2b° <// vdexdt) |Qr|' 2
Qr Qr

< 2a2M2q1 |QT|1—q1 4 2b2M2Q2|QT\1_q2
= M.
For the initial and boundary value problem of p-Laplace equation of the following form

ou

i div(|Vu|’*Vu) = f(z,1), for (x,t) € Qx (0,17,
u(z,t) =0, for (x,t) € 90 x (0,77,
u(z,0) = no(z), for = € Q,



Deng; BJMCS, 18(2), 1-9, 2016; Article no.BJMCS.28485

where, f € L*(Qr) and no(x) € WHP(Q) N L*(Q).

By the standard theory of the p-Laplace equations, we have estimates as follows

//QT w?dadt < (/ o fPdadt -l—/ﬂngda:) (e —1), (3.5)
//QT [Vu|Pdzdt < (/ o dezdt—J—/(andx) e’ (3.6)
// |*| dzdt < C (/ o £ (z, t)dzdt + % /Q(\Vno(w)|2 + 1)”/2d:c) _ (3.7)

Here, C' merely depends on p and 2. Applying these estimates above to uy, we further obtain

//Q widrdt < (//Q (ve(z, 1)) d:cdt+/ nodx) // (2 t)dadt

< <M+/ noda:> // (z,t)dzdt, 38)
//QT |Vug |Pdedt < < O (v (z,1)) dacdt-l—/ nodx) e +// [Vnl” (z, t)dzdt
< < )e + // V[P (z, t)dadt, (39

// \%| dx dt<C(//QTq)(uk(m,t))?dxdtJr%/(|Vn( )F+1 p/"’dw) // | | dxdt
< C<M+%/Q(|vno(x)\2+1)p/2dx> +//¢7 |a|2d;rdt. (3.10)

From the above estimates, we can see that ug, %Lt’“ is bounded uniformly in L? (Qr), and Vuy is

bounded uniformly in L?(Qr). From the compact embedding theorem, we derive uy is compact in
L?*(Qr). That is F(®(-)) is a compact mapping. The proof is complete. o

Proof of Theorem 1.1. Now, we have showed that the mapping F(®(:)) is continuous and
compact. In order to apply Schaefer’s Fixed Point Theorem to show the existence of solutions, it
suffices to prove the boundedness of the set

{u € X;u=AF(®(u)) for some 0 < X <1}
Assume u = AF(®(u)), 0 < A < 1. Then if A =0, then
u = 0;
While if A # 0, then

/ 6—u<pdxdt +A27P // |VulP*VuVedzdt
Qr ot Qr

—) // (aful™ M+ blur |2 ) (e, Odzdt, ¥ p € CF(Qr), (3.11)
Qr

u(z,t) =0, for (z,t) € Q x (0,7),
(:c,t) = An(z,t), for (z,t) € Q7.
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Now we are in a position to estimate the L?-norm of u. Thus we need to choose a well posed .
By the density of C*°(Qr) in E, for any given t > 0, we take ¢ = u - X[o,4(s) in the first equation
of (3.11), where, x|o,4 is the characteristic function of [0, t], then we obtain

2
1/ O fuds + A2 // \Vu|Pdxds
2//,, ot .

= )‘// (alu|™ 'u + blur | g Ju(, t)dads,
Qt
dropping the second terms of the left side, and integrating by parts yields

/uQ(az,t)dﬂcg/ngdl’—l—Q)\// (alu|™ ™ + blur |2 uy u(e, t)deds
Q Q Qt

a1+1

2 2 2 I-n
< | nodz + 2)|al u dxds Q7| 2
Q Qt
1 1
2q2 2 2 2
+ 2X[0] lur|"dxds u”dzds (3.12)
t t
q1+1

2 2 2 Sl il
< / nodzr + 2)\|al // u”dzds |Qr| 2
Q Qe
a2 1
5 3 5 2 1—go
+ 2A|b] <// [ur| d:z:ds) (// u dz:ds) QT T,
Qt Qt

noticing that

a2 2
(// |u7|2dxds) < // In|>dzds + // u?dads
Qt - Qe

2 a2

2 2 2
< |n|"dxds + u dxds ,
Q-r t

substitute the above inequality into (3.12), yields

2 2 oo 2
u’(z,t)dx < | nodz + 20 Qr| 2 |a u“dzds
Q Q Q:
1 1443
1—qp 9 2 l1—aqp 2 2
+ 2\[b] - 1Qr| 2 |In] quQ(Q ) (// U dxds) +2X|b] - Q7| 2 (// u d:vds) . (3.13)
" Qt Qt

For convenience, we denote

a1+1

1—

q
MO:/WSd% My =2|Qr| 2 |al,
Q

1— 1—qg

a2
My = 2|b| ' |QT‘ 2 ||77| qL22(Q77_)7 Ms = 2|b| : |QT‘ 2,
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obviously, Mo, My, M2, Ms are bounded constant. As is well known that for any o > 0,0 < r <1,
we have

" <1+a.

Applying the inequality above to (3.13), yields

/ u?(z, t)de < Mo + My (1 + // u’dads) + Ma(1 + // u?dads) + Ms(1 + // u?dxds)
Q t t t

= Mo + M1 + Mz + M3z + (M1 + Mz + M3) // udxds.  (3.14)
Qt

Denote M = Mo+ M, + My + M3, M = M+ M, + M3, and apply Gronwall’s inequality to above,
yields

/ u?(z, t)de < Mexp(ﬁ/t).
Q
Therefore, we have

// W2 (w, t)dedt < MM - (M7 —1).
Qr
Furthermore, we have
// u?(x, t)dwdt < // ndedt + MM - (T —1).
QT Q,T

The above inequality implies that the set
{u € X;u=AF(®(u)) for some 0 < X <1}

is bounded uniformly. According to Schaefer’s Fixed Point Theorem, F(®(-)) has fixed point.
That is there exists a function u € X, such that u = F(®(u)). From the definition of F(®(-)),
and combining with equation, we further derive u € F is a generalized solution of the initial and
boundary value problem (1.1)-(1.3). From the proof above, we see that T' > 0 is arbitrary, which
meas that the solution exist globally.

Next, we show the uniqueness. Let u, v with © #Z v be two solutions of the problem (1.1)—(1.3),
then we see that
1d
2dt J,
= / (Ju|™u = 0]~ ) (u — v)da —|—/ (Jur | ur — |72 0r) (u — v)da
Q Q

(u—v)de+/(|Vu|p72Vu— |VolP Vo)V (u — v)dz
Q

for any t < 7, we see that u-(x,t) = v-(x,t), and note that g1 < 1, then for any ¢ < 7, we have

%%/ﬂ(u—v)zdxg/Q(|u|'“_1u—|v|‘“_1v) (u—v)dz

a1+1

g/ﬂ(u—v)qﬁldxg (/ﬂm-@%) .
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which means that

/(u(m,t) —v(z,t))?dz = 0, for any t < 7.
Q

By an iterative process, it is easy to see that

sup {/Q(u(w, £ — v(x,t))Qdac} =0.

The uniqueness is proved.

While if a = 0, b # 0, for any g2 > 0, the solution will exists globally for any initial data. In fact,
by using the method in [10], one can first study this problem on [0, 7], then study it on [r,27], - - -,
[kT, (k + 1)7], By an iterative process, for any T > 0, the solution exists on [0, T]. o

Remark 3.1. In fact, if @ > 0, b = 0, the solution may blow up for some initial data when
g1 > max{1l,p — 1}, see for example [7, 11] and the reference therein.

4 Conclusion

In this paper, we establish the existence and uniqueness of global solution for a time delayed p-
Laplace equation. In fact, the delay term will not affect the global existence of solutions, that is
blow-up is impossible for such kinds of delayed equation if a = 0. But for the nonlocal time delay,
blow-up will happen[10].
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