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Abstract

This work presents the “Second-Order Comprehensive Adjoint Sensitivity
Analysis Methodology (2"-CASAM)” for the efficient and exact computation
of 1%- and 2"-order response sensitivities to uncertain parameters and do-
main boundaries of linear systems. The model’s response (i.e., model result of
interest) is a generic nonlinear function of the model’s forward and adjoint
state functions, and also depends on the imprecisely known boundaries and
model parameters. In the practically important particular case when the re-
sponse is a scalar-valued functional of the forward and adjoint state functions
characterizing a model comprising N parameters, the 2"-CASAM requires a
single large-scale computation using the First-Level Adjoint Sensitivity Sys-
tem (1*-LASS) for obtaining all of the first-order response sensitivities, and at
most V large-scale computations using the Second-Level Adjoint Sensitivity
System (2"-LASS) for obtaining exactly all of the second-order response sen-
sitivities. In contradistinction, forward other methods would require (N*/2 +
3 Nj2) large-scale computations for obtaining all of the first- and second-order
sensitivities. This work also shows that constructing and solving the 2"-LASS
requires very little additional effort beyond the construction of the 1*-LASS
needed for computing the first-order sensitivities. Solving the equations un-
derlying the 1-LASS and 2"¥-LASS requires the same computational solvers
as needed for solving (ie., “inverting”) either the forward or the adjoint linear
operators underlying the initial model. Therefore, the same computer soft-
ware and “solvers” used for solving the original system of equations can also
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be used for solving the 1%-LASS and the 2™-LASS. Since neither the 1*-LASS
nor the 2"-LASS involves any differentials of the operators underlying the
original system, the 1-LASS is designated as a “first-level” (as opposed to a
“first-order”) adjoint sensitivity system, while the 2"-LASS is designated as a
“second-level” (rather than a “second-order”) adjoint sensitivity system.
Mixed second-order response sensitivities involving boundary parameters
may arise from all source terms of the 2™-LASS that involve the imprecisely
known boundary parameters. Notably, the 2"-LASS encompasses an auto-
matic, inherent, and independent “solution verification” mechanism of the
correctness and accuracy of the 2"-level adjoint functions needed for the effi-
cient and exact computation of the second-order sensitivities.

Keywords

Second-Order Comprehensive Adjoint Sensitivity Analysis Methodology
(2"-CASAM), First-Level Adjoint Sensitivity System (1*-LASS),
Second-Level Adjoint Sensitivity System (2"¢-LASS), Operator-Type
Response, Second-Order Sensitivities to Uncertain Model Boundaries,
Second-Order Sensitivities to Uncertain Model Parameters

1. Introduction

The earliest use of adjoint operators for computing exactly and efficiently the
first-order sensitivities of responses of a large-scale linear system comprising
many parameters has appeared in the report by Wigner [2] on his work on the
“nuclear pile” (ie, nuclear reactor) using the linear neutron transport or diffu-
sion equations. Cacuci [2] [3] conceived the rigorous 1*-order adjoint sensitivity
analysis methodology for generic large-scale nonlinear systems involving opera-
tor responses, comprising functional-type responses as particular cases. Repre-
sentative developments of the adjoint sensitivity analysis methodology were re-
viewed in the books by Cacuci [4] and Cacuci, Ionescu-Bujor and Navon [5].
The first-order adjoint sensitivity analysis methodology was extended by Cacuci
[6] [7] [8] to the “Second-Order Adjoint Sensitivity Analysis Methodology
(2"4-ASAM)” for linear and nonlinear systems, to enable the exact and efficient
computation of a// of the second-order sensitivities (Ze., functional derivatives)
of model responses to parameters. However, all of the above works, as well as the
vast majority of the application of the first- and second-order adjoint sensitivity
analysis methodology considered that the phase-space location of the physical
model’s boundary is perfectly well known, and did not investigate the conse-
quences of imprecisely known (i.e., uncertain) model boundaries.

Komata [9] seems to have been the first author to use an adjoint equation (in
this case; the adjoint neutron diffusion equation) for investigating the effects of
perturbations in boundary conditions for simple idealized geometries in neutron

diffusion theory. First-order perturbation theory in conjunction with adjoint
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operators was subsequently used [10]-[15], either formally or in conjunction
with variational formulations, to obtain approximate first-order sensitivities to
boundary parameters of responses that were linear functionals (or ratios thereof)
of the neutron flux in the context of linear neutron diffusion or neutron trans-
port problems. Furthermore, the works referenced in the foregoing have consi-
dered the computation of response sensitivities to model parameters separately
(rather than simultaneously) from the computations of response sensitivities to
imprecisely known domain boundary parameters. Also, none of the above works
considered responses that are simultaneously functions of the forward and ad-
joint state functions.

Noteworthy, Cacuci [16] [17] has presented methodologies for the exact
computation of 1*- and 2"-order sensitivities of responses that are functionals of
both the forward and the adjoint fluxes in a multiplying nuclear system with
source. However, these works [16] [17] have specifically considered the neutron
transport equation (rather than generic linear problems) within precisely known
domains, without considering response sensitivities to uncertain domain para-
meters.

The aim of this work is to present the novel “Second-Order Comprehensive
Adjoint Sensitivity Analysis Methodology (2™-CASAM),” which has the follow-
ing features that generalize and extend all previously published works on this
topic:

2) The system response considered within the 2"-CASAM framework is
an operator-valued response that depends on both the forward and adjoint
state-functions. Functional-valued responses are subsumed as particular cases.

2) The 2"-CASAM framework enables the efficient and exact computation of
the 1%~ and 2™-order response sensitivities not only to uncertain model parame-
ters but also to uncertain domain boundaries of generic linear systems.

This work is structured as follows: Section 2 presents the mathematical
framework of the generic linear physical system comprising imprecisely known
parameters and boundaries. Section 3 presents the mathematical framework of
the 2"-CASAM. Section 4 offers concluding remarks. An accompanying work
[18] presents an illustrative application of the general 2"¢-CASAM methodology
to a paradigm model of generic particle/radiation transmission and/or evolution
which has fundamental applications in many fields, including nuclear engineer-
ing (e.g., radiation detection, chemical reprocessing of spent reactor fuel, ra-

dioactive decay, etc.).

2. Mathematical Modeling of Response-Coupled Forward
and Adjoint Linear Systems Comprising Uncertain
Responses, Parameters and Boundaries

For the mathematical derivations to be presented in this work, the vectors are
column vectors unless explicitly stated otherwise. Bold letters will be used to

denote matrices and vectors. Transposition will be indicated by a dagger (T)
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superscript. A linear physical system is generally represented by means of N,

coupled operator equations of the form

Ny
> Li(xa)e;(x)=Q(x.a),i=1-,N,,xeQ, in which the operators L;(e)
=i

act linearly on the state functions u;(X).In matrix form, a linear system can be

written as follows:
L(x,a)p(x)=Q (x,@), xeQ,. (1)

The quantities appearing in the Equation (1) are defined as follows:

2) a% (al,m,aNu ) denotes a N, -dimensional column vector whose
components are the physical system’s imprecisely known parameters, which are
subject to uncertainties; & €R"“, where R“ denotes a N, -dimensional
subset of the set of real scalars. The vector @ €R" is considered to include
any imprecisely known model parameters that may enter into defining the sys-
tem’s boundary in the phase-se space of independent variables. The symbol “= ”
will be used to denote “is defined as” or “is by definition equal to.”

2) x= (X1 Xy, ) e RY denotes the N, -dimensional phase-space position
vector, defined on a phase-space domain denoted as €, which is defined as
follows: Q = {—oo <X (@) <x <x'(a@)<oi=1,-, Nx} . The lower boun-
dary-point of an independent variable is denoted as x'(e), where the super-
script “¢” denotes “lower” (e.g., the inner radius of a sphere or cylinder, the
lower range of an energy-variable, etc.), while the corresponding upper boun-
dary-point is denoted as x'(a), where the superscript “z” denotes “upper”
(e.g., the outer radius of a sphere or cylinder, the upper range of an ener-
gy-variable, etc.). A typical example of “boundaries that depend on imprecisely
known parameters” is provided by the boundary conditions needed for models
based on diffusion theory, in which the respective “flux and/or current condi-
tions” for the “boundaries facing vacuum” are imposed on the “extrapolated
boundary” of the respective spatial domain. As is well known, the “extrapolated
boundary” depends not only on the imprecisely known physical dimensions of
the problem’s domain, but also on the medium’s microscopic transport cross sec-
tions and atomic number densities. For subsequent derivations, it is convenient to
define the “vectors of endpoints” x' (a)é[xf (a),---,Xf (()!),---,X,f,x (05):|Jr
and x'(a)= [Xl“ (@), (@), Xy, (a)}T . The boundary of Q,, which will

be denoted as €, , comprises all of the endpoints x‘(a) and x"(a) of the
respective intervals on which the components of X are defined, e,
o0Q, = {x[ (@)ux (a)} . .

3) qo(X)é[(pl(X),---,gon (X)J denotes a N, -dimensional column vector
whose components represent the system’s dependent variables (also called “state
functions”);

4) Q (X a)é[Q (X a)---Q (X a)TeE denotes a

LA Ll @) s N, L4 Q
N, -dimensional column vector defined on a vector space denoted as E,,

whose elements represent inhomogeneous source terms that depend either li-
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nearly or nonlinearly on @ ; the components of Q, may be operators, rather
than just functions, actingon a and X;

5 L(x,a)= [Ll(x,a),---, Ly, (x,a)J denotes a N, -component column
vector whose components are operators (including differential, difference,
integral, distributions, and/or infinite matrices) acting /Zinearlyon ¢ and non-
linearlyon a.

6) All of the equalities in this work are considered to hold in the weak (“dis-
tributional”) sense, since the right-sides (“sources”) of Equation (1) and of other
various equations to be derived in this work may contain distributions (“genera-
lized functions/functionals”), particularly Dirac-distributions and derivatives
and/or integrals thereof.

When differential operators appear in Equation (1), a corresponding set of
boundary and/or initial conditions, which are essential to define the domain of
L(x, &), must also be given. Since this work considers only systems that are li-
near in the state function @(Xx), the accompanying boundary and/or initial
conditions must also be linear in @(x), which means that they can be

represented in operator form as follows:
B, [X/L (), x" (a)}qo[xﬁ (@), x" (a)} -C, [X” (), x" (a)} =0,xedQ,. (2)

In Equation (2), the operator BL(X,a)é[Bij(x,a)];i =1-,Ng;j=1---,N

is a matrix comprising, as components, operators that act /inearly on ¢(X)

u

and nonlinearlyon a ; the quantity Ny denotes the total number of boundary
and initial conditions. The operator C_(X,a) é[Cl(X,Ot),---,CNB (X,(JJ)]Jr isa
Ny -dimensional vector comprising components that are operators acting, in
general, nonlinearlyon a.

The nominal solution of Equations (1) and (2) is denoted as ¢°(x), and is
obtained by solving these equations at the nominal parameter values a’. In

other words, the vectors @°(x) and @’ satisfy the following equations:

L(x,a°)¢°(x):Q(x,a°), XeQ, (3)

BL[X”(aO), X (aO)}goO[x”(ao), X (aO)J

—CL[X”(aO),x”(ao)}zo, X €oQ,. @

Equations (3) and (4) represent the “base-case’ or nominal state of the physi-
cal system. Throughout this work, the superscript “0” will be used to denote
“nominal” or “expected” values.

The vector-valued function @(X) is considered to be the unique nontrivial
solution of the physical problem described by Equations (1) and (2). The linear
operator L(X,a) is considered in this work to admit an adjoint operator,
which will be denoted as L' (x,a). The specific form of the adjoint operator
L' (x,a) depends upon the specific inner product and associated Hilbert space
chosen for defining it. In view of Equations (1) and (2), the adjoint operator

L' (x,a) is most often defined in a Hilbert space (which will henceforth be de-
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noted as H , ) endowed with the following inner product, denoted as

<¢(a),¢(b) >( X between two the vectors (o(a) eH, and (o(b) €H ,, each having
0

square integrable components and the same structure as the N, -dimensional

column vector @(X):

@ A
<<0(a),<o(b)>w)é { o] ]

(5)
R LNEPR®
£ 97 (x)-9" (x)dx
= xf(a)
N, X (@)
In Equation (5), the “product” notation [ ]dXi compactly denotes the
= (a)

respective multiple integrals, while the dot indicates the “scalar product of two

vectors” defined as follows:
NLl
2% (x)- 0" (x) 23 plPp . 6)
i1

Formally, the inner product introduced in Equation (5) defines a se/f-dual
Hilbert space, which shall be denoted as H . It is important to note that the
inner product defined in Equation (5) is continuous in « , holding at any value
particular value of @ in the neighborhood of the nominal parameter values
@’, including at .

The formal adjoint operator L' (x,a) is defined through the following rela-
tionship, which holds for an arbitrary vector y(x)eH o'

<y/(x),L(x,a)¢(x)>(¢):<L*(x,a)y/(x),¢;(x)>(¢)+{p(1)(¢,;a;y,)}mx ?)

In Equation (7), the formal adjoint operator L'(x,&) isthe N,xN, matrix
U (x.@)2[ L (xa)], (i,i=1-N,), (8)

comprising elements L (x,&) obtained by transposing the formal adjoints of

the operators Lij(x,a), while {P(l)(qo;a;y/)} denotes the associated

20,
bilinear form evaluated on 0, . The adjoint state function y(x) is the solu-

tion of an adjoint system which can be written as follows:
L' (x,a)y(x)=Q,(x,a), xeQ,, (9)

"
where the source QA(X,a) = [QA,l(X’a)'”"QA,Nw (X,a)} for the adjoint equ-
ation is usually related to the system response under consideration. The domain
of L'(x,a) is determined by selecting appropriate adjoint boundary and/or

initial conditions, represented here in operator form as follows:
BA[X"(a), X" (a)}w[x”(a), X" (a)]—CA[X‘(a), X" (a)]=0, X e€dQ,. (10)

In Equation (10), the subscript “A” indicates “adjoint,” and the letter “B” in-
dicates “boundary and/or initial conditions.” The nominal value of the adjoint
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state function (x) will be denoted as y°(x), and is obtained by solving the

adjoint system at the nominal parameter values a°:

L*(x,ao)y/"(x):QA(x,ao), XeQ, (11)

B[ X' (a").x" (@) Jy° [ ¥ (") %" (@”)]
—c[ "(@°).x"(a° )J 0, X €0Q,.

The system response (Ze, result of interest) associated with the problem mod-

(12)

eled by Equations (1) and (2) is typically a real-valued nonlinear operator (func-
tion) of the system’s forward and adjoint state-functions (ie., dependent va-
riables) and parameters, denoted as R[¢(X),W(X);a; X] , which can be gener-
ally represented in the form

RL@(x).p(x)iax | =F[o(x).w(x):a:x], (13)

where F (¢,y/;a; X) is a suitably differentiable function with respect to its ar-

guments.

3. The Second-Order Comprehensive Adjoint Sensitivity
Analysis Methodology (2r4-CASAM)

As has been already mentioned in the foregoing, the model and boundary para-
meters are considered to be imprecisely known quantities. Their true values may
differ from their nominal values by quantities denoted as Sa = (50:1, e day ) s
where Sa; £, — o . Since the forward and the adjoint state functions ¢(X)
and y(x) are related to the model and boundary parameters @ through Eq-
uations (1), (2), (9) and (10), it follows that variations o0& in the model and

boundary parameter will cause corresponding variations
t
5¢)( X) = [ékol ( X),"',é'(/)Nw (X)} around the nominal value ¢°(x) of the
t
forward state function, as well as variations oy (X)= [5'//1()()"“’&//“@ (X)}

around the nominal value y°(x) of the adjoint state function. In turn, the
variations in the model’s parameters, boundaries and state functions will induce
variations in the system’s response. For the derivations to follow, it is convenient
to define the following vectors in the combined phase-space of state-functions,
model and boundary parameters: 1) the vector e(x)= [¢(X),y/(x);a]T , Com-
prising as components the state functions and parameters; 2) the vector

e’(x )é[ °(x),w°(x), OT of nominal values of the state functions and pa-
rameters; 3) the vector h(x [5¢) ). v ( x);é‘a]T of variations
sp(X)2@(x)-9°(X), Sy (x)2y(x)-y°(x), and data—-a’ in the
state functions and parameters around their respective nominal values. The
2"-CASAM formalism underlying the computation of the 1*-order sensitivities
of the response R(@,y;a) is presented in Section 3.2, while the mathematical
methodology for computing the 2™-order sensitivities is presented in Section
3.2.
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3.1. Derivation of the 1st-Level Adjoint Sensitivity System
(1st-LASS) for Computing Exactly and Efficiently the 1st-Order
Response Sensitivities to Model and Boundary Parameters

As shown by Cacuci [2] [3], in front of the sentence, the most general definition
of the 1%-order total sensitivity of the operator-valued model response
R(@.y:;a;x) to variations

h(x)2 |:§¢)(X) ,Op (X); 5(,1:]T around the nominal values

e’(x)2 [¢° (x),¥°(x),a° " respectively, is provided by the first-order Ga-
teaux-variation OR (e° :h; Xig

SR(e%h;x) 2 {:_g[F (¢° + 0@y’ + ey a + eoa; X)]} ' (14)

=0

of R(@,y;a;x), which is defined as follows:

for £€F, where F denotes the field of real scalars, and all (ie, arbitrary)
vectors h(X)é[é'q)(X),é'y/(X);é'aT in a neighborhood Seo +8h) around
e°(x)£[¢°(x).y°(x),a°] . The G-differential SR(e’:h;x

defined on the same domain as R(e;X), has the same range as R(e;X), and

is an operator

provides the total 1*-order sensitivity of R(e; X) with respect to variations in
the model’s parameters and state functions. The G-differential o R(e°; h; X) sa-
tisfies the relation R(e0 +¢h; x) - R(eo; x) = 5R(e°; h; x) +A(h;x), with
lim[A(eh;x)]/=0.
The existence of the G-variation ¢ R(eo; h; X) does not guarantee its numer-
ical computability. Numerical methods most often require that o R(e°; h; X) be
linear in N in a neighborhood (eo + gh) around €°. The necessary and suf-
ficient conditions for the G-variation o R(eo Jh; X) of a nonlinear operator
R(e; X) to be linearin h ina neighborhood (e° + eh) around €° , and thus
admit a total first-order G-derivative, are as follows:
1) F(e;x) must satisfy a weak Lipschitz condition at eo; (15)
2) F(e;x) must satisfy the following condition for h,h, eE;¢eF:

F(e°+gh1+gh2;x)—F(e°+ghl;x)—F(e°+gh2;x)+F(e°;x):o(g). (16)

Numerical methods (e.g., Newton’s method and variants thereof) for solving
Equations (1) and (2) also require the existence of the 1*-order G-derivatives
of original model equations, in which case the components of the operators
which appear in these equations must also satisfy the conditions described in
Equations (15) and (16). Of course, if the first-order G-derivatives of the sys-
tem’s response do not exist, the computation of higher-order response sensitivi-
ties (G-derivatives) would be moot. Therefore, the conditions described in Equa-
tions (15) and (16) will henceforth be considered to be satisfied by the operators
underlying the physical system, in which case the partial G-derivatives of R(e)
at €° with respectto @, ¥ and a exist. These derivatives are row vectors

oR(e;x) éFF(e; x) oF(e x)]

o ’

defined as ,
opy 6¢N¢

ay/_ ’

OR(e;x) [ OF (&%)  oF(ex) i
oy, al//Nw
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OR(e;x) /0 2] 6F (&;X)/0ay -+, 0F (€;X)/0a, | , respectively, so that the

first-order G-variation OR (eo; h; X) can be written in the form

5R(e°;h;x)={5R(e°;h;x)} +{5R(e°;h;x)} , (17)

direct indirect

where

{5R(e°;h;x)}direct :{W}(eo)&z, (18)

. [OF (&%) 6F(e;x)}
SR(e%h;x S—= op(X)+4——m ow(Xx). (19)
{ ( >}indirect { 6¢) }(eo) ( ) { 6(// (eo) ( )
The notation { }(eU) indicates that the quantity within the braces is to be

0 Al o0 ) ot . 0. .
evaluated at e (x)_[q) (x).¥°(x),a ] . The quantity {5R(e ,h,X)}direct in
Equation (18) is called the “direct-effect term” because it can be computed after
the base-case values €° become available. On the other hand, the “indi-

rect-eftect term’ {5 R(eo;h; X)} defined in Equation (19) can be quanti-

indirect

fied only after having determined the variations J@(x) and Sy(X) in terms

of the variations 0@ . The first-order relationship between the variations
5p(x) and 0@ is determined by determining the G-differentials of Equations

(1) and (2). Thus, applying the definition of the G-differential to Equations (1)
and (2) yields the following equations:

L(x.a*)dp(x)=Q" (¢°.a%da), xeQ,, (20)
BEl) {¢a[x‘7 (ao), x" (ao )J;ao;ﬁw,é'a} =0, xe0Q,. (21)

where the superscript “(1)” indicates “1-Level” and the letter “B” indicates “boun-

dary and/or initial condjtions,” and where the following definitions were used:

QY (¢ a%;a) 2 {a[QL (@) L{@)e] §a} , (22)
(#°)

oa
B(Ll) {go(x(, X" );a°;5¢,5a}

(«°)
é{a[BL(“)"’_CL(a)] 5a} +{BL(a)5¢}( o)
oa @)

. {"amaw o (a) | } ¢3)
ox" Jeoer )

oa

ox! oa

+{_8[BL(a)¢}ax”(a)5a_ } |
oo

The partial G-derivatives appearing in Equation (22) are matrices defined as

follows:
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N,  Q,
ooy day,
Qu(@) s : : (24)
3 ,
Tolan, | @,
ooy oay,
Ny Ny
a|:z|-1,j(a)¢j:| a|:ZL11(a)¢J:|
j=1 j=1
ooy Oay
6[L(a)¢] é (25)

oa

The partial G-derivatives that appear in Equation (23) are also matrices, hav-
ing structures and components similar to those defined in Equations (24) and
(25).

The first-order relationship between the variations Ey/(x) and oa is de-
termined by taking the G-differentials of Equations (9) and (10), which yields

the following system of equations:
L*(x,a())é'y/(x): f)(ylo,ao;é'a), xeQ,, (26)
B\ {y/[xl (ao), X" (ao )J;ao;ﬁw,&z} =0, xedQ,. (27)

where the superscript “(1)” indicates “I1**-Leve),” the letter “A” indicates “ad-
joint,” the letter “B” indicates “boundary and/or initial conditions,” and where

the following definitions were used:

QY (v°.a%0a) 2 {G[QA (a)-L(a)y 50:} , (28)
(<)

oa
BV {yz(x‘, x“);a°;5y/,5a}

(<)
é{a[BA(a)V'_CA(a)] 5a} +{Bu(a@)dw)
oa @) (<)

ox" oa

. {'a[ma)w] o (a) | } (9)
Bt i)

ox' o

L dx=x’

+{_a[BA(a)t//]ax"(a)§a_ } '
o)

The system of equations comprising Equations (20), (21), (26) and (27) are
called the “1*-Level Forward Sensitivity System” (1%-LFSS). In principle, the

13- LFSS could to be solved for each possible vector of parameter variations 0@

DOI: 10.4236/ajcm.2020.103018

338 American Journal of Computational Mathematics


https://doi.org/10.4236/ajcm.2020.103018

D. G. Cacuci

in a neighborhood around @’ to obtain 5¢)(X) and 51//(X) as functions of
0a . In turn, the functions Sp(X) and Sy(X) thus obtained could be used in
Equation (17) to compute the total response sensitivity ¢ R(eo; h). Computing
the (total) response sensitivity o R(eo;h) by using the & -dependent solu-
tions Sp(x) and Sy (x) of the 19-LFSS is called the Forward Sensitivity
Analysis Method/Procedure (FSAM). From the standpoint of computational
costs and effort, the FSAM would require 2N, large-scale computations to
solve the 1"'-LFSS. Therefore, the FSAM is advantageous to employ only if, in the
problem under consideration, the number N, of model and boundary para-
meters is considerably less than the number of responses of interest. This is
rarely the case in practice, however, since most problems of practical interest are
characterized by many model parameters and comparatively few responses. In
such situations, it is not economical to employ the FSAM since it becomes pro-
hibitively expensive to solve repeatedly the 0@ -dependent 1°-LFSS in order to
determine the variations &g ( X) and 51//( X) for all possible variations 0@ .
In most practical situations, the number of model parameters exceeds signifi-
cantly the number of responses of interest. In such cases, the exact computation
of the 1*-order response sensitivities can be performed most efficiently by using
the 1%-order adjoint sensitivity analysis methodology introduced by Cacuci [2]
[3] and extended to 2"-order by Cacuci [4] [5] [6], which expresses the indirect
effect defined in Equation (35) in terms of a suitably defined 1*-level adjoint
function, thus eliminating the need to compute the variations 5¢(x) and
Sy (x) by solving the 19-LFSS. As has been first shown by Cacuci [3], the ad-
joint sensitivity analysis methodology cannot be applied directly to an opera-
tor-valued response, but only to responses that are functionals (Z.e, scalar-valued
operators) of the state functions. For this purpose, the operator-valued response

R(q),y/;a) is expressed through its generalized Fourier (spectral) expansion
NF
R(e)=>_F(f;e)ps(x), (30)
=0

where the Fourier (spectral) coefficients F(f;e) are functionals of the para-

meters, the forward and adjoint state variables, defined as follows:

1>
=
—

F(f;e) F(e)ps (x)dx,---dx; ---dxy, . (31)

d(@) (@) xy (a)

and where the quantities p, (X) are the basis functions (e.g., orthogonal poly-
nomials, trigonometric functions, etc.) chosen for the domain €, . Although
the expansion/summation in Equation (30) comprises in principle infinitely
many terms, only a finite number, denoted as NF, of terms will be computed in
practice. It is therefore important to choose the basis-functions p; (X) so as to
minimize the total number of terms NF that would be needed to reproduce the
response R(e) within an a priori chosen error criterion. In particular, if the
model response is ab initio simply a functional (as opposed to a function or op-

erator) of the forward and/or adjoint functions @, ¥, then the expansion in
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Equation (31) would contain just the single f =0 term. The nominal value of
the functional defined in Equation (31) is denoted as follows:
A(a?) () A, (o)

F(e")pf(x)dxi---dxi~~-deX. (32)

o) Hle) ()
The 1%-order G-differential of the response R(¢,y/;a) defined in Equation
(30) is

11>

F(f;eo)

NF
SR(e%h;x) =" 5F(f;e%h) p; (x), (33)
=0
where the functional JF ( f;e’; h) has the following expression:
SF (f;e%h)
d M X' (ao+€§a)
A d_H I F((oo +&0p,p° + eoy; e’ +56a) P (X)dx; (34)
&

i=1 x{(a0+s§a) o0

:{(SF(f;eO;éo:)}dir +{5F(f;e0;h)}ind ’

with the “indirect-effect term” {é' F ( fel 5a)} defined as

{5F(f;e°;h)}ind "

11T o {M 3 (x)}&,,{w 3 (x)}ﬁy/}(eo), 9

oy
and the “direct-effect term” {5 F ( fel: 5a)}d defined as

L o (1)
{SF(f;eo;5a)} _ ég ((J.o)dXi {%j"a) P¢ (X)}( 0)5(1

ST 1) X' (a
" j:lil:ll g('[o)dxi {F[fw("xl;(a)")"/’(-vx? (a),.);a} Py [X?(a)}a’a—i)&z}( |
{

Xi ao)

)dxi {F[f;go(..xf (a),,),y/(.,xf(a),.);a] P [Xf(“)]%%}( 0)_

<

N, N .._
j=li=1l /(0
i#] %i (a

The appearance of the variations S¢ and Oy in the indirect-effect term
{5 F ( f;e’; h)}ind defined in Equation (35) can be eliminated by expressing the
right-side of Equation (35) in terms of adjoint functions that are the solutions of
a 2"-Level Adjoint Sensitivity System (2"-LASS) which is constructed following
the steps outlined by Cacuci [4] [5] [6]:

1) Introduce a Hilbert space, denoted as H ‘7, havingT as elements
two-component vectors of the form a(l)(x)é[ai(l)(x),agl)(xﬂ eH (1), with
square integrable components having the same structure as the N,

®

-dimensional vectors @(x) and/or w(x). The inner product between two

vectors a” (x) 2 [al(l) (X),agl) (X)]Jr eH " and
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b(l)(x)é[bl(l)(x),bgl)(xﬂT eH @ will be denoted as <a(1)(x),b(1)(x)>(l) and

is defined as follows:
2
(2 (x).6% (%)) | 2> (a]

=

2 N, () (37)
=211 [ & (b’ (x)ax.

12 o (a)

In particular, the inner product defined in Equation (37) also holds at the no-
minal parameter values a°.

2) Using Equation (37), construct the inner product of Equations (20) and

"
(26) with a vector y/(l)(x) 2 [!//l(l) (X),ylgl) (X)J eH @ to obtain the following

relation:
) (L@ 0 (3
M (5 L*(a)J(5Wj>m
_ [Wl(l)j (Qﬁ”(vo:a:ﬁa)]
I\ QY (i s) o

The relation expressed by Equation (38) is continuous in the neighborhood of

()

(38)

the nominal values e°(x)= [¢° (x),¥°(x),a° ]T .
3) Using the definition of the adjoint operator L' (x,&) provided in Equation
(7) makes it possible to recast the left-side of Equation (38) into the following form:

B )
_ <[§ﬂ (L* (()a) L(Oa)J(Zl; J>@ (39)

(<)
+{P(l) [ (X)) (X)?5¢’(X)'5"’(X)J}

where { p® [ao ; !//1(1) ( X) ; l/lél) (X) ;0Q ( X) , 5://( X)}} denotes the associated bi-

a0,

80y,

linear form evaluated on 0Q, .
4) Require the right-side of Equation (35) and the first term on the right-side
of Equation (39) to represent the same functional, which is accomplished by re-

quiring that
oF (f;e;ax)
Ca o w1
[ 0 L(a)J v (%) (eo)_ (;‘F(f;e;o:)IO (%) -
v )

which implies that the following system of equations is to be satisfied in the

weak (distributional) sense:
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C (el (1) | U0 (0] L xen
{ }(e) op (¢

L(x,ao)y/S)(f;x) . :{Mpf(x)} , XeQ,, (42)
{ }(e) oy ()

Since the right-sides of Equations (41) and (42) depend on the index £ it fol-
lows that the functions @ (f;x) and y" (f;x) will also depend on the in-
dex £ which means that they will be distinct for each value of f =1,---,NF, a
fact that has been emphasized by showing the index fin the arguments of these
functions.

5) Determine the adjoint boundary and/or initial conditions for the functions
w(l) ( f; X) and l//(l) ( f; X) , represented in operator form as

{B@MX)?W(X):WF)(f,X),wé”(f,X)?“}}(ec’) TOxede
where the superscript “(1)” indicates “1*-Level” The boundary and/or initial
conditions represented by Equation (43) are obtained by requiring that they sa-
tisty the following two criteria:

a) They must be independent of unknown values of ¢, 51//(X) and oa .

b) The substitution of the boundary and/or initial conditions represented by

Equations (21), (27) and (43) into the expression of the bilinear concomitant

{P(l) [ao;yll(l)(X);ylgl)(X);5¢(X),5y/(x)}} , must cause all terms containing
o,

unknown values of 6¢ and Sy (x) in this bilinear concomitant to vanish.
The selection of the boundary conditions for the functions ¢J(1)(f;X) and
l//(l) ( f; X), based on the two criteria mentioned above, eliminates the appear-
ance of the unknown values of the variations 5¢)(X) and 51//(X) , and conse-
quently reduces the bilinear concomitant
{P(l) [aoillll(l)(X);V/gl)(X);5¢(X),5w(x)}}a to a residual quantity that con-
tains boundary terms involving only known'values of 0@ , the index fand the
nominal parameter values @’ . This residual quantity will be denoted by
pY ( fa’; 50:) , which is linear in 0@ and can be therefore written in the form
N Ny aﬁ(l)(f;ao;é'a)
PY(f:a ,5(1):21:T

oa,. (44)

In general, the residual quantity pY ( f ;a0;5a) does not automatically va-
nish, although it may do so in particular instances. By considering extensions
of L(x,a) and L(x,a), Is(l)(f;ao;é'a) could be forced to vanish, if ne-
cessary.

6) The system comprising Equations (41)-(43) will be called the First-Leve/
Adjoint Sensitivity System (1%-LASS) and the functions l//l(l) ( f; X) and
ylgl) (f;x) will be called the first-level adjoint sensitivity functions. It is impor-
tant to note that the 1*-LASS is independent of the variations J& in the model
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and boundary parameters. It is noteworthy that the function l//l(l) (f;x) satis-
fies an “adjoint-type” operator equation, Ze., Equation (41), while the function
yzgl)(f;x) satisfies “forward-type” operator equation, Ze., Equation (42). The
operator equations underlying the 1*-LASS are to be solved using the nominal
values €° of the model’s parameters and state functions. By continuity, how-
ever, Equations (41)-(43) are valid not only at the nominal values e?, but also
within a neighborhood e of €°.

7) Using the right-side of Equation (38) to replace the left-side of Equation
(39), replacing the right-sides of Equation (40) into the right-side of Equation
(39), and recalling that the boundary conditions in Equations (21), (27), and (43)

have reduced the bilinear concomitant
{ p@ [ao : l//l(l) (x); ylgl) (x);00(x), 0w ( X)]} to the residual quantity
a0y,

pY ( f ;a0;5a) , yields the following form for Equation (39):

{<y/l(” (f,%x),Q" (@, e; 5a)>¢} +{<y/§1) (f,x),QY (y/,a;éa)>w}

(<)

()

oF(fiea)

:ﬁ(l)(f;aO;a‘a)+ 5¢(x),{ 20

P, (x)} (45)
(¢*)

¢

oF (f;e;a)

{awto [ 0]

8) The second term on the right-side of Equation (45) is actually the indi-

¢

rect-effect term defined in Equation (35), so that Equation (45) can be re-written

as follows:
{5F (fie% h)}ind é{&F [eo;y/l(l) (f,%);u8 (f, x);5a}}_

|t (1.0 (. aoa) |

(<)

W (100,08 waioe)) | o)

(¢
_|3<1>(f;a°;5a), f=1--- NF.

As the right-side of Equation (46) indicates, all unknown values of have been
eliminated from the expression of the indirect effect term, {5 F ( f ;eo;h)}ind by
having replaced the variations d@ and é‘y/(x) with functions that depend on
the 1%-level adjoint functions (0(1) ( f; X) and l//(l) ( f; X). The identity
{5F(f;e°;h)}ind 2 {5F [eo;q)(”(f;x);w(l)(f;x)};éa}md in Equation (46) ex-
plicitly indicates that the indirect-effect term now depends on the 1*-level ad-
joint functions ¢)(1) ( f; X) and l//(l) ( f; X) rather than on the unknown values
of the variations 6p and Sy (x).

9) Inserting the results provided in Equations (22), (28) and (44) into Equa-

tion (46) yields the following expression for the indirect-effect term:
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{5F [e”;y/fl)(f,x);y/?)(f,x)};éa}

ind

2
G i

ST Xi(fa){Wfl)(f,x).erww(f,x).w} dx,
i |1 (<)

oa;

alf’(l)(f;ao;éa)}g f=1---,NF
PG| nnE

(47)

Adding the results obtained in Equation (47) to the direct-effect term ex-
pressed by Equation (36) yields the following expression for the total 1¥-order
sensitivity & F[eo;yll(l)(f,x);ylgl)(f,x)J of the spectral expansion coefficient

F(fipwia):
SF €%y ()i (1,%)]
NZ: l)[ "l (£,%); gl)(f.X)}&zh, f=1---,NF.

(48)
where the quantity Fil(l)[ D (F,x)w (f, X):| denotes the 1%-order partial
sensitivities ( G-derivatives) of the functional F ( f ;q),y/;a) with respect to the
model/boundary parameters ¢, , evaluated at the nominal values of the 1*-level
adjoint functions and model and boundary parameters, and is given by the fol-

lowing expression, for each f =1,---,NF:

Rl (£ (1.0)]

o ] [
gl L O @ L%

N, 4(a°) ® } ) _

I | {,/,lm(f,x).wag)(f,x).W} A (49)
i ' e

Ny Ny W (a)

e dxi{F[f;w(--X? (@).)w (X (@)-)ia]py [X?(a)]axgo((a)}(o)

e

Ny Ny Xiu(”o)
_;H

ER

In particular, contributions to the sensitivities F, )[ ! (f X); y/(l)( )]
with respect to the specific parameters that characterize the imprecisely known
model’s domain boundary can arise from the second term of the right-side of
Equation (49), ie., the boundary term p (f a; 5a), and from the last two
terms on the right-side of Equation (49) involving the boundary end-points
X{(a) and x| (a).

J
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3.2. Derivation of the 2nd-Level Adjoint Sensitivity System
(2nd-LASS) for Computing Exactly and Efficiently the 2rd-Order
Response Sensitivities to Model and Boundary Parameters

The 27-order total sensitivity, denoted as 5(2)F(e°:hl,h2), of the functional
F(f;p,w;a) is provided by the 2"-order G-differential of F(f;p, ;) to
variations h= (5¢),5|//;6a) in the model/boundary parameters and state func-
tions around the respective nominal values €° = ((oo,ulo;ao) . The 2™-order to-
tal sensitivity 5(2)F(e0;hl,h2) is defined inductively as “the total first-order
G-variation (or 1%-order total G-differential) of the 1*-order total response vari-
ation (or 1**-order G-differential),” as follows:

5<2>F(e°;m,h2)é{i[§|:(e° +&h;h, )]} : (50)

de, 120

for &,&,€F, and all (ie, arbitrary) vectors of variations h,i=12 around
e . The total 2™-order sensitivity SYF (e°; h, hz) is bilinear in the vectors of
variations h;,i=12, and will exists if and only if the 1*-order partial sensitivi-
ties Fil(l) [e;¢)(l) (f; X);y/(l) (f; x)] satisfy the conditions expressed in Equations
(15) and (16) in a neighborhood € of e®. In order to proceed, it will be as-
sumed that this is indeed the case. For the derivationfs to follow, it is convenient to
introduce the vectors = [e;¢(1) (f; X);y/(l) (f; X)} , comprising as components
the vectors of model parameters, forward and adjoint state functions, as well as the
1*-level adjoint functions. The nogninal value of the vector J will be denoted as
g° 2 [eo;(o(l’o) ( f; X);l//(l’o) ( f; X):| , and the variations around g° will be de-
noted as 5g=g-g°. Using the definition provided in Equation (50), the
1*-order G-differential & Fil(l) (g°;5 g) of the functional Fi(l) (9) defined in Eq-

1
uation (49) can be computed, for each i, =1,---,N_, in the usual manner, namely:

SR (f:9%00)2{sRY (1)) +{oFO(F)]

2 {di FY (¢° +5p,9° + &5y 0" + £59" y™0) + s5y W + g5a)}
&

dir ind

(51)
=0
where {é‘Fil(l) (f )}d
notes the “indirect-effect term,” which are defined as follows:

oE® : ®) f:x): @ f:
{oFRI (0], 21— e (6:)1// (59 ) (52)
(s°)

denotes the “direct-effect term”, while {5 Fil(l)( f )} ) de-

6Fi(1) aFi(l) a[:i(l) P i(l)
{5Fif1>(f)}_d é{ Al 5¢<1>+—a owte 63
14 14 @ 4 ()

For notational simplicity, the arguments of the functional
Fil(l) [e;¢;(l) (f; x);y/(l) (f; X)J have been omitted in Equation (53). The index £
has been kept in the argument of the direct and indirect-effect terms in order to
serve as a reminder that the 2™-order sensitivities & Fil(l) ( ) g) are distinct

for each f =1---,NF and each i =1--,N_ . Since the direct-effect term,

a
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{6 Fil(l)(f)}dir’ is independent of: 1) variations 5@ and Sy in the forward
and adjoint state functions; and 2) variations Sp” and Sy in the 1%-level
adjoint functions, itcan be computed immediately at this stage, without needing
any additional large-scale computations. On the other hand, the “indirect-effect

term”, {5 Fil(l) (f )} , cannot be computed at this stage because the variations

ind

(5¢,5y/,5¢7(1),5y/(1)) are not available. The variations d¢ and Sy could be

determined by solving the 1*-LESS, which is computationally expensive. Fur-
thermore, the variations 5p¥ and Sy are the solutions of the system of
equations obtained by taking 1*-order G-differentials of the 1*-LASS, ie, Equa-
tions (41)-(43), which yields the following equations:

{‘—62;;;) MM%(X)—%pf(x)w(x) L (a)op (f; x)}

(o)
O2F (f:e)

=1

Opoa

(X)—a[l‘*(a)"’l(l)(x)]

oo 54
e (54)

{Ql(z)(f;(o;y,;,/,l(l);aﬁa)} o xXeQ,,

oo 55
f o (53)

(6°)
{ f¢!//!//2 ,ada)}(o),XEQx,

{[¢

v (1,%).p <1>(f,x);a]}(go)
(co'//wl viia)

oBY (gl wla)
= op + oy
op oy

61//60:

II>

oBW (0;1//;1//(1);1//(1);0!
o) o )
oy, (f,x)
o8 (gl a)

B (ewivivy)a
( - )5y/£1)(f,x)+ - Sar
vy’ (f.x) a )

=0, xedQ,.

Equations (54)-(56) together with the 1-LFSS constitute the 2"?-Level For-
ward Sensitivity System (2"-LFSS). For further developments, it is convenient to
write Equations (20), (26), (54) and (55) in the following matrix form:

{L(z) (f; g)u(z) (X)}(go) _ {S(z) (f; g)}(go)

, XeQ,, (57)
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where
(f g9 X)é[LEJZ)J(zM)
i L(e) 0 0 0 |
0 L (a) 0o o
A| O°F(fie) *F(fe) . (58)
__Wpf(x) _Wpf(x) L(e) 0 |
_O'F(fie) O*F(f:e)
v Py (%) vy ((x) 0 '—(a)_
() | Plpa)
(2 ES 5‘//()() s@(f:q)a Qf)(y/;a;é‘a)
b sy (x) | (fig)% QY (fiowiwl o) | (59)
ayy’ (%) QP (f:owiwl o)

Since the source-terms of the 2"-LFSS depend on the parameter variations
oc; , the 2"-LFSS is computationally expensive to solve. To avoid the need for
solving the 2"-LFSS, the indirect-effect term defined in Equation (53) will be
expressed in terms of a 2™-Level Adjoint Sensitivity System (2"4-LASS), which
will be constructed by following the general principles introduced by Cacuci [4]
[5] [6], comprising the following sequence of steps

1) Define a Hilbert space, denoted as H( havmg vector-valued elements of
the form the a'’ )(x)é[af)(x),ag )(x),a§ )(x),a§ )(X)J eH | with com-
ponents that are N, -dimensional vectors of the form

t
ai(z) (X) = [ai(i) (x),---,ai(zj) (X) v --,ai(z,\}u (X)} J1=1234 with square—integrable
components a (X),I 1,2,3,4;j=1---,N,. The inner-product in H @, de-

noted as < (X),b ( )> , of two vector-valued functions a'’ )( x)eH @

and b? (X) eH @ , is defined as follows:

<a(2) (x), b2 (x)>

4

£ (a (%), (x))

@ 4 ()

4 Ny Ny Xiu(a)
=2

j=1k=1 i=1 f(

(60)

5

In particular, the inner product defined in Equation (60) also holds at the no-
minal parameter values @°. Using the definition provided in Equation (60),
construct the inner product of a vector ;

'//i(12) (x)= ['//1(,?1) (X),l//fiz (X),ylé? (X),l//fiz (X)] eH ? with Equation (57) to
obtain the following relation:
{<V/I(12)( )L (F; g)u<2)(x)>(2 } {<y,£z> (x),5? (f; g)>( } . (61)

Jie) 2)is)

The relation expressed by Equation (60) is continuous in the neighborhood of
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the nominal values g° £ [eo;go(l’o) ( f: X);y/(l’o) ( f: X)JT .

2) Using the definition of the adjoint operator in the Hilbert space H @) the
left-side of Equation (61) is recast as follows:
2 2 . 2
[ (0.9 (5007 () |
&) ()
:{<u<2>(x),[u2>] (f;g)y/i(f)(x)> } (62)
@

(¢°)
+ {P(z) | 0% pisyiowl? syl (%).w8) (%)Wl () ) (X)}}m
where P fa%opiopiapl owl il () il ()i (0wl (%)]]
denotes the bilinear concomitant defined on the phase-space boundarxy

*

X €0Q,, and where |:L(2)] denotes the formal adjoint of the operator |_(2),

having components L(j?* defined as the transposed formal adjoints of the

components of L, je,

*

(]2 ],

L (a) _% P (%) _% p; (x)
2 (fe ' (ie (63)
20 L) -2 0 T
o 0 L(e) 0
0 0 0 L (a)

3) The first term on the right-side of Equation (62) is now required to
represent the indirect-effect term defined in Equation (53), which is accom-

plished by requiring that the following relation be satisfied:

e, |

aFi(l) aFi(l) aFi(l) al:i(l) ' - (64)
= L = , for f =1,--- NF;i,=1---,N
op oy op" oy

(s°)
4) The boundary conditions given in Equations (56) are now implemented in

Equation (62), thereby reducing by half the number of unknown boun-
dary-values in the bilinear concomitant

(P21 tiatsapiowiont®.ova? () () (0w ()] The

boundary conditions for the functions l//l(i)(x), giz(x),wgi)(x), f,j(x) are

1
now chosen so as to eliminate the remaining unknown boundary-values of the
functions o, oy, 5%(1) and 5!//51) in
{P(Z) [ t:a%;0;0p;0u 0w wly) (%)W) ()04 ()il (X)J}og while

X
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ensuring that Equation (64) is well posed. The boundary conditions thus chosen
for the adjoint functions l//l(l) (X) and y/S’ (X) can be represented in operator

form as follows:
BY[ tapiwivd vl =0, xe a0, (65)

In most cases, the above choice of boundary conditions for the 1*-level adjoint
function " (x) will cause the bilinear concomitant
[PO 10" p(x): 0w (x);ows” (x).awd (x)iwd) (x).wril (x)wds) ()3 (%) ]

80,

in Equation (62) to vanish. Even when it does not vanish, however, this bilinear
concomitant will be reduced to a residual quantity, which will be denoted as
Is(z)(f;il;ao;é'a), f=1--,NF;i,=1---,N_, and which will contain only known
values of its arguments.

5) Replacing the right-side of Equation (61) by the left-side of Equation (62),
replacing the right-side of Equation (64) in the first term on the right-side of
Equation (62), and recalling that the boundary conditions in Equations (56) and

(65) have reduced the bilinear concomitant

(P] tia%;spioviowl vl ()i ()W 0w (x)]] 1o the

JREX

residual quantity p? ( f; il;ao;é'a) , vields the following form for Equation (62):

<wf><x>,{s(”<“9)}<g°>>

@)
(66)
1

op oy "op" oyl

)
. oFY orY oRY orY
:P(z)(f;il;ao;éa)+ u®(x), { S T

(go) (2)

6) The second term on the right-side of Equation (66) is actually the indi-
rect-effect term, {5 Fil(l) (f )} g defined in Equation (53), so that Equation (66)
can be re-written in the following detailed form:

(R ()

=P (fia%0) + {(p) (:%),QF (v i) |

(<)

+{<'/’£,2iz(f;X),Q@(yx,a;&a)L} . (67)

(<)

+{<,,,§§1) (£:x).Q2(f ;¢r;w:w1(1)ia?5“)>¢, }(eo)

+{<y/§ﬁj(f;x),Q§2>(f;¢;y/;y/§1);a;5a)> }( . f=L-Ngsi=1-N,.
? e
As the right-side of Equation (67) indicates, all unknown values of the varia-
tions 0@ (X), 51//(X),5y/l(1) (x), Syl (X) have been eliminated from the expres-
sion of the indirect effect term, {5 Fi(l)(f)} , by having replaced these un-
1 ind
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known variations by quantities that depend on the functions
vl (£ (1)) (1) ) (F1%).

The system of equations comprising Equations (64) and (65) will be called the
2%-Level Adjoint Sensitivity System (2"-LASS) for the 2%-level adjoint func-
tions w2 (£:x).w 2 (F:x) 0 (£:x)92 (f:x), f=L-N,, i=L-N
The explicit form of Equation (64) is

a

* (2) . _ GZF(f,e) (2) .
L (@)yy, (f5%) {—6@% P (X) |wa, (T3%) -
68
O°F(fie) (. OF (fi%)
_{Wpf(x)}/ﬁ,h(frx)—T,
O*F(f;e
a1 LU )yt
(f:e) oFY(f:x) ()
— aZF—’e (2) . _il—;x
[ oyoy pf(x)j|'//3,i1(f’x)_ ow ,
W5
L(a)wéif(f:X)=w (70)
op
W5
L*(a)wﬁii(f:X)=w (71)
oy

It is important to note that the 2*4-LASS is independent of the variations o0&
in the model and boundary parameters. The 2"-level adjoint functions
y/;ziz(f;x) and l//ézil)(f;x) are the solutions of equations involving the for-
ward operator L(«), while the 2*-level adjoint functions y/ffl)(f;x) and
y/‘(t,ziz(f;x) are the solutions of equations involving the adjoint operator

L' (a). Thus, the 2"-LASS is solved successively by using two “forward” and
two “adjoint” computations, for each of the imprecisely known scalar model pa-
rameters. The operator equations underlying the 1*-LASS are to be solved using
the nominal values €° of the model’s parameters and state functions. By con-
tinuity, however, Equations (68)-(71) are valid not only at the nominal parame-
ter values @’ , but also within a neighborhood a of al.

Replacing the expression obtained in Equation (67) for the indirect-effect

term {5 Fil(l)( f )} together with the expression in Equation (52) for the di-
ind

rect-effect term {5 Fil(l)(f)} into Equation (51) yields the following expres-

dir

sion for the total 2"-order response sensitivity & Fil(l) ( f;9%59 ) :

for f =1,---,NF; i, =1---,N

No{
= Z Fil(ii) [ f ;(0;'/’;11/1(1)

ip=1

a

: 6FY(f;9:69)
(72)
il (008 (00wl () i) (x)ia |,

where
R ol 00wl (0w () vl (x)ie |2 0°F foa, dar,
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i,i,=1---,N_;f=1--- N, denotes the 2-order partial sensitivity of the re-

sponse to the model parameters and is given by the following expression:

R | Frowaw il (0.0l (0008 () i) (x)ier | = 0°F foa, 0,

:<’”ﬁ3(X>'6[QF (a)_L(aw> +<w‘2>(x).a[QA(“)‘”(“)'”]>

+ i) (),

+ ) (x),

P gyl ) (%) W) (%)) () i) (x):a

2.

éaiz aaiz
O°F (f:e) oL (a)pl (¥)]
, pf (X)_ = (73)
Opoa, oa,
@
TF(fe) ) () o[ L@yt (x)] . R (pwwlwta)
oy oa,, i oa, o,

4

» , f =1 NF; ip,i, =1,---,N,.

iz

All quantities appearing in Equation (73) are to be computed at the nominal
values for the model and boundary parameters, although this requirement has
not been indicated explicitly in Equation (73) in order to simplify the notations.
In particular, contributions to the 2™-order response sensitivities involving
boundary parameters will arise not only from the last two terms in Equation
(73), ie., from the residual term on the domain’s boundary and from the di-
rect-effect term, but may also arise from other terms involving mixed
second-order derivatives with respect to the imprecisely known boundary para-
meters.

Since the 277-LASS is independent of parameter variations 0& , each of the
G-differentials o0 Fil(l) contains one complete row (running on the index
i,=1-,N,) of the mixed second-order partial sensitivities, 0° F/@ah@aiz ,
which can be computed exactly and efficiently after solving only once the
2%-Level Adjoint Sensitivity System (29-LASS) to obtain the 279-evel adjoint
functjonsl/ll(i) ( f: X),l//;? ( f: X),V/;zil) ( f: X),y/fliz ( f; X) , for each index
ilzl,---,Na and index f =1,---,NF. Thus, for each index f =1,---,NF, the

exact computation of all of the partial second-order sensitivities, 0°F / Oa; O,

I,1, :]_,..., Na
the 2"-LASS, rather than (N 2 / 2+3N,/ 2) large-scale computations as would
be required by re-computations and/or forward methods. It is also important to
note that by solving the 2"-LASS N, -times, the “off-diagonal”2"-order mixed

requires at most N, large-scale (adjoint) computations using

sensitivities 0°F / 0a,0ct; , |y #1,, will be computed twice, in two different ways
(ie., using distinct 2"-level adjoint functions), thereby providing an indepen-
dent intrinsic (numerical) verification that the respective sensitivities are com-
puted accurately.

Another important characteristic of using the 279-LASS is the flexibility it pro-
vides for prioritizing the computation of the 2™-order sensitivities. The

2"-order mixed G-derivatives (sensitivities) corresponding to the largest relative
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1*-order response sensitivity should be computed first; the second largest rela-
tive 1¥-order response sensitivity should be considered next, and so on. Compu-
ting 2™-order partial sensitivities that correspond to vanishing 1#-order sensitiv-
ities may also be of interest, since vanishing 1¥-order sensitivities may indicate
critical points of the response in the phase-space of model parameters. Thus,
only the 2™-order partial sensitivities which are deemed important should be
computed; the unimportant ones can be deliberately neglected while knowing
the error incurred by neglecting them.

It is noteworthy that the solving the equations underlying the 1*-LASS and
2".1LASS require computational solvers for solving (ie., “inverting”) either the
forward linear operator L(e) or the adjoint linear operator L' (). Only the
various source on the right-sides of the 1*-LASS and 2™-LASS differ from one
another. Therefore, the same computer program and “solvers” can be used for
solving the 1*-LASS and the 2"-LASS as were already used for solving the origi-
nal system of equations. For this reason, the 2™-LASS was designated as a
“second-level” rather than a “second-order” adjoint sensitivity system, since the
2m-LASS does not involve any explicit 2"-order G-derivatives of the operators
underlying the original system, but involves the inversion of the same operators
that are needed to be inverted for solving the 13-LASS and the original system of

equations.

4. Conclusions

This work has presented the “Second-Order Comprehensive Adjoint Sensitivity
Analysis Methodology (2"-CASAM)” for the efficient and exact computation of
1*- and 2™-order response sensitivities to imprecisely known parameters and
domain boundary for a generic/general model for linear physical systems. The
model’s response (ie., model result of interest) is considered to be a generic
function/operator that depends on the model’s forward and adjoint state func-
tions, as well as on the imprecisely known boundary and model parameters. It
has been shown that the novel 2"-CASAM has the following features that gene-
ralize and extend all previously published works on this topic:

1) The system response considered within the 2"-CASAM framework is an
operator-valued response that depends on both the forward and adjoint
state-functions. Functional-valued responses are subsumed as particular cases.

2) The 2"4-CASAM framework enables the efficient and exact computation of
the 1st- and 2™-order response sensitivities not only to uncertain model para-
meters but also to uncertain domain boundaries of generic linear systems. In
particular, contributions to the first-order response sensitivities with respect to
the specific parameters that characterize the imprecisely known model’s domain
boundary can arise solely from boundary terms or directly from the response if
its definition includes the domain’s boundary. On the other hand, mixed
second-order response sensitivities involving boundary parameters may arise

from all source terms (of the 2"-LASS) that involve the imprecisely known
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boundary parameters.

Companion works [18] [19] present illustrative applications of the 2*¢-CASAM
to various responses for a paradigm model of generic particle/radiation transmis-
sion and/or evolution which has fundamental applications in many fields, in-
cluding nuclear engineering (e.g., radiation detection, chemical reprocessing of

spent reactor fuel, radioactive decay, etc.).
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